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Abstract

In this paper we look to solve the problem of a proliferation of atmospheric datasets concerning
extreme precipitation throughout Nepal, which results in a lack of a consistent scientific message
for policymakers. This is done through a data blending framework which utilises Bayesian
Additive Regression Trees (BART) in order to produce a spatially consistent model which can
accurately estimate extreme precipitation for any location. We find such a blended model offers
increased out-of-sample performance against other competing models such as Random Forests
and, due to its Bayesian framework, also offers a suitable representation of the uncertainty of
each estimate. Furthermore, we find that such a model offers similar results to previous research
and that its estimation of extreme events compared to that of a single dataset highlights the need
for policymakers to consider a blended solution incorporating several sources in order to make
reliable decisions.
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Chapter 1

Introduction

1.1 The Problem

With the threat of climate change increasing each year, the need for reliable and consistent data
to inform policymakers around the globe is ever increasing. However, due to the very nature of

data concerning the climate, such a consistent message is often hard to find.

Considering precipitation measurements for example, historically, in-situ readings, such as those
from rain gauges, have formed the basis of our understanding and given a good description of
how precipitation might have changed since records began. However, although such data may be
seen as the closest to ‘ground-truth’, it is limited due to the logistical constraints of such physical
measurements, with rain gauges for example being unable to offer a consistent coverage around
the globe. Also, even for locations where coverage is possible, such data often offers a limited
spatial resolution, with each measurement site covering a large range. This results in a lack of

consistency and often an insufficient resolution of data for our needs.

An alternative to this can be provided by data supplied through remote sensing such as via
satellites. Given in a gridded format, such data offers a higher temporal and spatial resolution,
with measurements being taken in a consistent format across the globe. However, such data
can be prone to bias and random errors, due to the discrepancy between observations recorded
from space and those taken at ground level. Furthermore, although given at a higher spatial
resolution, due to the gridded nature of this data a full spatial coverage is still unavailable with
recordings from specific locations such as meteorological sites often being unavailable, making

comparisons between the two methods troublesome.

Finally, by combining historical data and climate model outputs, reanalysis products offer a
further source of climate data, often at a high temporal and spatial resolution. Constituting a
huge part of modern climate research, such products are being produced with increasing ac-
curacy and have been greatly utilised in all parts of the world. However, as such data is the
output of modelling rather than actual data itself, such products can still be prone to bias, espe-
cially when used to estimate extreme events. In particular, in relation to extreme precipitation

events, Rhodes et al. [2015] performed a thorough analysis of reanalysis products for England



and Wales and found that such products only had hit-rates (defined as an event above the 98th

percentile) of approximately 40-65% for extreme precipitation events.

Hence, for a given atmospheric phenomena, such methods or a combination of such methods
can offer a wide array of different datasets to choose from. For a given policymaker, this can be
extremely problematic with this lack of a consensus result failing to support informed decision
making. Additionally, out of such datasets there is no clear optimal choice, with different meth-
ods often suiting different problems. How then might a policymaker go about making informed

decisions from this proliferation of datasets?

1.2 Research Aims

Providing the inspiration for our research, such an issue was considered by Steptoe and Economou
[2023], who specifically investigated the estimation of daily maximum precipitation (RX1day)
throughout Nepal for a given year using a range of conflicting datasets. This work is particularly
important as, due to the monsoon season between June and September every year, heavy rainfall
can lead to several extreme precipitation events, ensuring data analysis has an important bearing

on any potential decision-making in the area.

To solve this proliferation of atmospheric datasets, the authors proposed combining all datasets
using a data blending framework based on Generalized Additive Models (GAMs) in order to
produce combined estimated RX1day values, more suited to inform reliable decision making.
Using this, interestingly the authors noted how estimates from a single dataset can seemingly
misrepresent extreme precipitation events when compared to estimates given by the blended
model which factor in information from several different sources. This was especially prevalent
for more extreme events, which is particularly concerning for new enterprises such as building

a new dam as such extreme events are the incidents that need to be most accounted for.

Such a blended model also provided a predictive distribution for each estimate which suitably
summarised all uncertainty present in each constituent dataset. When a heuristic measure to
identify a best dataset doesn’t exist, they showed this is extremely important in order to help
provide a well-informed and consistent message to policymakers, that incorporates all informa-

tion available.

Taking inspiration from such work therefore, in this paper we aim to investigate an alternative
data blending solution to this specific problem by considering modelling the data instead via
Bayesian Additive Regression Trees (BART). Through this it is hoped the added uncertainty
incorporated within the Bayesian framework is well suited to the problem at hand, producing a
spatially consistent model which gives reliable estimates of Annual RX1day values throughout
Nepal in a way that incorporates all information available. By comparing our results to previous
work, such further modelling will allow us to gain a deeper understanding of the data itself and
the suitability of BART in providing a data blending solution.



To this aim therefore, this report is organized as follows. In Chapter 2 we present a summary
of the Bayesian CART model which provides a basis for the BART model which we introduce
in Chapter 3. Having introduced our modelling framework, in Chapter 4 we next introduce the
data we will be working with, before detailing previous work done with this data by Steptoe
and Economou [2023] in Chapter 5. Then, in Chapter 6 we investigate initial results from
the modelling on BART on each dataset individually, before finally evaluating the suitability of
BART to give a blended solution in Chapter 7, comparing such results to previous work. Chapter

8 then concludes with an overview and discussion of our work.



Chapter 2

Bayesian CART

Given a classification or regression problem, we often use a tree-based approach to represent
relationships in the data. In particular, introduced by Breiman et al. [1984], a popular choice
is given through Classification and Regression Tree (CART) models, which offer a flexible and
easy to interpret method that can be applied to a range of different problems.

Such models use a greedy algorithm to iteratively partition the predictor space into smaller and
more homogeneous subsets. However, this greedy algorithm does have its drawbacks, with a
locally optimistic approach limiting the full exploration of the tree space. This can result in a
failure to capture relationships on a more global scale, which is especially problematic when we

wish to quantify the uncertainty of our predictions.

There exists several different tree-based models that offer there own alternatives, such as XG-
Boost (Chen and Guestrin [2016]) and Random Forest (Breiman [2001]), which both use en-
semble methods to produce improved results. However, in this chapter we will instead focus on
the Bayesian CART approach introduced by Chipman et al. [1998], which aims to consider a
tree-based approach from a Bayesian viewpoint.

Simultaneously solving the greediness and uncertainty problem at once, in essence such a model
involves the specification of a prior on the tree space that induces a posterior distribution more
likely to find ‘better’ trees. This has been shown to offer improved results on a wide array of

problems and enables posterior inference to be performed on potential trees.

In this chapter therefore, we will give a detailed overview of such an approach, and the advan-
tages such a model can give to our problem. However, before we do this, it is important to first
present a brief summary of the general structure of CART, with it acting as a building block to

later models.

2.1 Classification and Regression Trees

As specified by Breiman et al. [1984], a CART model aims to predict a response variable y

given a set of observations X = (z1,2,...,p). To do this, we define a CART model by two

4



main components:

¢ A tree T with b terminal nodes.
* A parameter space M = (1, f2, . . ., p)-

The tree 7', is composed of a series of binary splitting rules present at each internal (non-
terminal) node. This has the effect of partitioning the predictor space into subsets such that
each observation z is filtered down the tree until it reaches a terminal node (leaf node), where

there are no more splitting rules.

When such a terminal node is reached, y is then estimated through a unique parameter, 5,
which corresponds to the value from M which is assigned to that node. Such a tree is called a
regression or classification tree depending on whether the response variable y is qualitative or

quantitative respectively.

In the case of a regression tree, analogous to linear regression, our model may therefore take the

form

y=g(|T,M)+e,  e~N(0,0% (2.1)
where g(x|T, M) denotes the prediction of y given by the tree 7" and parameter space M, and €
represents an error term, distributed independently of (7', M).

In order to facilitate further analysis, we often assume our observations y are i.i.d for each

terminal node and independent across such nodes.

2.1.1 Splitting Rules

As previously stated, to subdivide the predictor space there exists a series of binary splitting

rules present at each internal node. Such splitting rules are determined by two factors:
* The predictor variable for the split to be performed on.

* For continuous predictors, the split value s such that each observation is assigned accord-
ing to {x; < s} or {z; > s}, or, for categorical predictors, the subset C' such that each

observation is assigned according to {x; € C'} or {z; ¢ C'}.

2.1.2 Example

To further highlight such ideas, we consider the tree given in Figure 2.1. As we can see the
tree consists of 3 splitting rules, one for the categorical variable z; and two for the continuous

variable zo.

Given such a tree, let us consider a particular observation x = (C,7.5). As z; ¢ {A, B} and
x2 > b, such an observation is partitioned into the terminal node corresponding with 4 = 1.

Assuming a variance of 3, we would therefore model y as coming from the N (1, 3) distribution.
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Figure 2.1: A Regression Tree example for x = (z1, x2).

For many CART models, splitting rules and the parameter space M are often chosen within
the training of our model through a greedy algorithm, in order to minimise certain optimality
criteria such as Mean Square Error or Gini Impurity. However, as we are working in a Bayesian
framework, for Bayesian CART models such parameters are instead assumed non-fixed and are

specified a prior distribution detailing our beliefs about such values.

2.2 Specification of Priors

Given data therefore, the CART approach uses a greedy algorithm to choose an optimal tree
based on the chosen selection criteria. However, as mentioned previously, such an algorithm
limits the exploration of the full tree space and fails to incorporate any uncertainty in our esti-

mates. Hence, we would instead like to consider a posterior on the set of potential trees.

This will give us a detailed understanding of the distribution of other trees available to us and
therefore allow us to make more informed decisions. In addition to this, unlike for CART
models, where the depth of the tree needs to be specified before training, a Bayesian CART
approach allows our model to learn from the data and consider tree depths which are most

suited to our problem.

Considering this then, in order to represent our initial beliefs we first need to specify a prior on
our parameter and Tree space (M, T'), remembering to also include a prior for the variance of

our error term, o. Fortunately, we note that this may be simplified as

p(M,T,0) =p(M,T)p(c) = p(M|T)p(T)p(o) (2.2)

As M is naturally conditioned on a given tree 7', this has the advantage of allowing us to specify
each component individually, including the less straightforward prior p(7") independent of M.

In the following sections, we will go into detail on such specifications.



2.2.1 Tree Prior

First, considering the prior on our tree space, rather than specifying a closed-form expression
we instead define P(7T) through the use of a tree-generating stochastic process. This is done

iteratively as follows:
1. Start with a single node 7.

2. Choose to perform a binary split on the node with probability psprrr(n). If we choose

not to split, then this node becomes terminal and is to be ignored in future iterations.

3. If a split is to be performed we assign a splitting rule p in accordance with the probability

distribution pryre(p|n) and assign left and right children nodes accordingly.

4. Steps 2 and 3 are repeated with all available nodes until there exists no more non-terminal

nodes to iterate upon or there exists no more non-trivial splits.

Through this process we can consider each generated tree 7" as an instance from the prior P(7T'),
with explicit probabilities being able to be calculated straightforwardly under many specifica-

tions.

2.2.2 Choice of parameters

As our prior p(7T') is solely dependent on psprrr(n) and pruLE(p|n), our choice in such pa-
rameters can greatly effect the trees we are likely to see.

Determining size

First, considering psprr7(n), an obvious choice is to let psprir(n) = « with a € (0,1).
However, this has the undesirable effect of splits being equally likely for any depth d of the tree,

often resulting in excessively long and straggly trees. Hence, instead we often consider

psprrr(n) = a(l+d)~°, a € (0,1),8 € [0,00) (2.3)

Such a decreasing function ensures that as our tree gets deeper, the probability of further splits

diminishes; allowing us to create more desirable trees.

A nice feature of this approach is that, through a suitable choice of («, 3), we can tailor the size
and shape of models more likely to be given by the posterior distribution. This gives us great

freedom to downplay unwanted characteristics we may not want to see in our final trees.

To highlight this, in Figure 2.2a and Figure 2.2b we use simulations to highlight how the maxi-

mum depth and number of terminal nodes differs for different values of « and S3.
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Figure 2.2: Plots highlighting the change in structure and shape of trees given by pspr7(n) as
we vary « and f3.

Determining splitting rules

Secondly, we consider the probability distribution pryrE(p|n) which defines the splitting rule
p.

As mentioned in the previous section, such splitting rules consist of two parts:
* The parameter to split on.
* The splitting value s or subset C' to define the split.

Considering the parameter x; to split on, an obvious choice is to choose x; uniformly from the
set of predictors X = (z1, x2, . .., Z4), implicitly assuming that each variable is equally likely to

be effective.

Next, given a parameter x, by taking all the values of this parameter present in the observed
data, we can apply similar ideas to uniformly choose from these values to attain the splitting
value s or subset C'. Strictly speaking, this method breaks the Bayesian paradigm as we are
specifying our prior based on observed data, but nonetheless it is often used as it has the appeal-

ing feature of being invariant to monotone transformations of the predictors.

Similarly to psprrr(n) we can also tailor such methods to make our posterior distribution
favour more appealing models given a priori information. For example, if there exists a variable
we believe has more of an impact than the rest of the predictors we can apply weights to our uni-
form distribution accordingly, resulting in the variable being present more often in our splitting
rules. The same can also be said to areas of the data that define our splitting value s or subset

C. Overall, this gives us a great amount of freedom in tailoring our results to each problem.

2.2.3 Parameter Priors

Next, let us consider the specification of our parameter priors, p(M|T") and p(o).



To ease the computation of our posterior distribution, these are chosen such that may we may

marginalise out M in order for us to obtain

p(Y|T,0) = / p(Y M, T, 0)p(M|T, 0)dM 2.4)

Assuming independence across terminal nodes, as detailed by Chipman et al. [1998] this is often

done by choosing conjugate priors as follows:

pr .| ddd ~ N(py,o0) (2.5)
2 v A LA g
o? ~ IG( ) (& — x?) (2.6)

In choosing the hyperparameters, (v, A, 1, 0,,), we may make use of the observed Y values to
guide ourselves to realistic choices. For example, choosing (fi,,, 0,,) such that each f is likely

to fall within (Ymin, Ymaz)-

As before, we may also alter such hyperparameters in order to tailor the results to our needs. In
particular, considering o, we may use overestimates such as the sample standard deviation s* to

choose (v, A), in order to attain a desired size and shape of our distribution.

2.3 Posterior Distribution

After the specification of a suitable prior and observation of data, importantly our Bayesian

framework induces a posterior distribution:
P(T,M,o|Y) 2.7)
We note that this may also be written as:
P(T,M,o|Y)=P(o|Y)P(T|o,Y)P(M|T,0,Y) (2.8)

To draw from such a distribution, we first note that we can draw from P(o|Y’) via an inverse
gamma distribution (using results from Chipman et al. [2010]) and so ¢ may be extracted by

common methods.

Next, with our conjugate priors making equation 2.4 analytically feasible, we may compute the

posterior upon the tree space P(T'|o,Y') up to a normalizing constant:

P(T|Y, o) < P(Y|T,o)P(T) (2.9)

However, although this can be used to evaluate individual trees, due to the sheer number of

potential trees in the tree space, it is unfeasible to evaluate such a distribution as a whole. Hence,



we are unable to compute the normalizing constant or posterior probabilities which will allow

us to perform effective posterior inference.

To solve this, we will therefore use Monte-Carlo Markov Chain (MCMC) methods, which are
often used to approximate probability distributions for which direct sampling proves difficult.

In particular, we consider the Metropolis-Hastings algorithm.

2.3.1 Metropolis-Hastings

Named after methods introduced by Metropolis et al. [1953] and Hastings [1970], such an al-
gorithm produces a Markov chain sequence of samples which converges in distribution to the
probability distribution we wish to approximate. Given the current sample x; at time ¢, this
is done by considering a new sample « drawn from a proposal distribution q(:nl|93t). Such a
proposed value is then accepted or rejected dependent on the probability distribution at that

point.

In particular, for our posterior P(T'|Y, o) the algorithm works explicitly as follows:
1. Initialise: Choose an initial tree 77, set ¢ = 0 and choose a proposal distribution ¢(T™*|T").
2. Iterate:

e Propose a new candidate tree 7* from the proposal distribution ¢(T"|T*).

* Compute the acceptance probability

(2.10)

o1, 17) = min { LTI P IY.0) )

q(T*|T*) P(T'|Y, 0)’

P(T*|Y,0c) _ P(Y|T*,0)P(T*)

where 5i7yvsy = Pyt P

as in equation 2.9.
¢ Generate a random uniform number u € [0, 1] and
- Set T =T+ ifu < (T, T*)
- Set Tt =Tt ifu > (T, T%)
Importantly, this sequence of samples converges to the true posterior (Tierney [1994]), and

hence due to calculations performed in equation 2.10, such an algorithm allows us to draw

samples from the posterior distribution without computing the normalizing constant.

Proposal Distribution

Considering such an algorithm for our problem then, for a given tree 1%, the proposal distribu-
tion q(T*|T") is defined by randomly altering the tree to T™* through one of the four following
steps

* GROW: Randomly choose a terminal node and assign a new splitting rule according to

pRULE(P\ﬁ)-
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* PRUNE: Randomly choose a parent of two terminal nodes and collapse the split.

* CHANGE: Randomly pick an internal node and choose a new splitting rule according

to pruLe(p|n).

* SWAP: Randomly choose an internal node and swap the splitting rules of its two children
nodes. If they are the same then swap the rule of each children node with the rule of the

parent node.

Such a proposal distribution is chosen as it has many benefits in reducing computation times of
the iteration given by the algorithm. In particular, we note ¢(7*|7") and ¢(T"*|T*) are equivalent
for both the CHANGE and SWAP steps, hence reducing the calculation of (2.10) as Zgiihgg
is equal to 1. Also, due to the use of pryrr(p|n), both the GROW and PRUNE steps offer a
reduction in calculations due to a cancelling out of terms used in the calculation of P(T") in

Equarion (2.10).

2.3.2 Evaluation

Using MCMC methods then, we may sample trees from the posterior P(T'|Y, o). For each
sample and for each terminal node, we may then easily draw independently from P(M|T,0,Y")
via a normal distribution (Chipman et al. [2010]) in order to consider full samples from our
posterior distribution P(T', M, o|Y").

Due to the nature of the Metropolis-Hastings algorithm, we are more likely to see so called
‘better’ trees that have a high probability in relation to P(T'|Y, o). However, experiments by
Chipman et al. [1998] showed that such an algorithm is prone to get ‘stuck’ in a local space of
trees, with potential trees not radically changing much over several hundred iterations. This can
be seen as a result of the algorithm slowly moving locally around many of the different peaks in

a multimodal posterior distribution.

As such an algorithm converges, it will eventually evaluate all of the potential tree space, but in
order to reduce computation times it has been found necessary to restart the algorithm several
times such that it may explore different regions of our posterior more quickly. This is a particular

downside to the model at hand, with several runs being needed to produce adequate results.

Having produced many samples from such a posterior, there also exists many different ways in
which we may choose to take estimates from our given model. One popular example however, is
to choose ‘good’ trees by comparing marginal likelihoods P(Y'| X, T') and to predict from such.
Alternatively, inspired by model averaging (Oliver and Hand [1995]) we could use weights pro-
prtional to p(Y'| X, T") P(T') for the estimate from each tree in order to approximate the posterior

mean.
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2.3.3 Alternatives

Although such analysis proposed by Chipman et al. [1998] is the basis of our study, it is im-
portant to note that this work was not the first to consider tree-based models from a Bayesian
perspective. In particular, Buntine [1992] proposed a Bayesian analysis of a tree-based model
by using a deterministic rather than stochastic prior on the tree space. However, such work was

limited to classification trees unlike work discussed in this chapter.

Also, as discussed by Malehi and Jahangiri [2019], publishing of Chipman et al. [1998] coin-
cided with a near identical study of Bayesian tree-based models by Denison et al. [1998] . They
instead differed by considering a prior distribution defined over the splitting node (S5), split-
ting variable (V'), splitting rule (R), tree size (x) and parameters in terminal node distributions
(P), with the prior on x in particular helping to reduce overfitting of our model by avoiding

excessively long trees.

Furthermore, there exists numerous alternatives to the proposal distribution suggested for use in
our Metropolis-Hastings algorithm, for example by Wu et al. [2007]. They proposed including
an additional RESTRUCTURE step which alters the structure of the tree by a large amount.
Appealingly, this has the effect of reducing computation time of our algorithm as such a large
change in structure removes the need to continuously restart our algorithm as it no longer gets

‘stuck’ in areas of the tree space.
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Chapter 3

BART

In this chapter we extend the ideas introduced in the last chapter by considering such methods
applied to a sum-of-trees model. This allows for the modelling of more complex relationships

with improved performance.

3.1 Motivation

Introduced in the last chapter, the Bayesian CART model offers a useful way in which we can
utilise tree-based models to perform statistical inference. However, due to its single tree struc-
ture it can often result in a failure to capture more complex relationships found by alternative
and competing models, limiting its use to providing a search of the tree space which is likely to

find ‘good’ trees.

Such alternative models often consider an ensemble of trees, which, by combining the strengths
of several different trees, can often drastically outperform single tree-based methods, offering
improved accuracy and robustness to new data. In particular, two such ensemble methods are
boosting and bagging introduced by Freund and Schapire [1997] and Breiman [1996] respec-
tively.

For such, boosting involves using a collection of trees which each aim to explain the variation
of a different part of the data through low-order interaction effects. Denoted as ‘weak’ learners,
these trees are then combined, allowing the model to more accurately fit the data as a whole. On
the other hand, bagging involves using a collection of trees trained on different samples of the

data, helping to improve the robustness of the model and avoid the dangers of overfitting.

Hence, taking inspiration from such ensemble methods, Chipman et al. [2010] extended pre-
vious work done on Bayesian CART by proposing a new model called Bayesian Additive Re-
gression Trees (BART). Such a model instead aims to carry out statistical inference through a
sum-of-trees model which, like boosting, uses multiple weak learners that each aim to explain
relationships in different parts of the data. However, differently to boosting, BART enforces

such weak learners using ideas from the Bayesian CART model, by including the specification
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of a regularisation prior upon the tree space. Each component tree is then created by taking
successive draws from a Bayesian backfitting MCMC algorithm similarly to as described in
Chapter 2.

Improving on previous research, such work is attractive as it offers a much higher performing
model than Bayesian CART, whilst still keeping the desired uncertainty encapsulation given
through a full posterior distribution on the tree space. Hence, to understand more about such

work, let us therefore first expand on the structure of the model itself.

3.2 Model structure

For a continuous y, as for Bayesian CART we wish to use a function f(x) to model the rela-
tionship between y and z:
y=f(z)+e  e~N(0,0% 3.1)

However, unlike in equation 2.1, we instead express f(z) through a sum of m trees such that

m
y=>Y g(T;,M;)+e, e~ N(0,0%) (3.2)
j=1
where g(x|T}, M;) is a function which gives the i-th parameter j;; € M; which is assigned to
x for the j-th tree 7.

For such a model, y is therefore given as a sum of m different parameters u;; for each value
of z, allowing the incorporation of additive effects into our model similarly to other models
such as Generalized Additive Models (GAMs). However, unlike GAMSs, as we will see later on,
due to the flexibility of each tree in this sum, BART models can more easily incorporate main
and interaction effects of varying orders depending on the size and structure of each tree. This

allows BART to model more complex relationships.

3.3 Regularisation Prior

Along with the sum-of-trees model, the second main feature of BART is a regularisation prior,
which enforces each tree to be a ‘weak’ learner of the data. This structure is advantageous as
it allows for the modelling of complex relationships without using computationally demanding
individual trees which are prone to overfit to the data, but rather a collection of simple trees

which together form a strong model.

Notably, unlike for boosting, in our BART model such a regularisation is enforced through the
specification of the prior imposed on each tree through the Bayesian framework introduced in

Chapter 2. To show this, let us first consider the full prior on our sum of trees model:
P((Ty, M), ..., (T, Mp,),0) (3.3)
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Fortunately, similarly to the Bayesian CART model, we assume independence between the vari-
ables for each tree and also between the trees themselves so that we may greatly simplify this

prior as follows:
P((Ty, M), ..., (T, M), 0) = P(0) HP(T]’ M])
= P(o) [ [ P(Ty) P(M;|Ty)

Importantly, this allows us to specify each prior separately in order to ease the complexity of

our work. Considering this, let us now specify each component prior in turn.

3.3.1 Tree priors

Firstly, considering the priors P(7}) for our BART model, for each tree we simply use the
specification as given in Chapter 2, with its nature proving cohesive with MCMC calculations
for our posterior distribution. However, to ensure regularization of our trees, we carefully choose

the values e and 3 as we recall their importance on the size and structure of each tree.

In particular, values o = 0.95 and 8 = 2 are used as they will mainly restrict our model to trees
with less than 5 terminal nodes. Fortunately however, unlike for boosting where the tree depth
is fixed, the Bayesian nature of our model allows for longer trees to be grown if suggested by
the data.

3.3.2 M priors

Next, like in Chapter 2, we assume independence of the parameters f1;; across each node for each
tree, allowing a general specification for P(u;;|T;). In order to simplify posterior computation,

this is again chose such that for each tree
fiigs - pig| Ty ddd ~ Ny, 00) (3.4)

with p,, and o, again chosen to produce reasonable results in accordance with the observed
data. However, in our BART model there is a slight change in the importance of the specification

of such hyperparameters.

Considering this in more detail, we note that, under such priors, our sum-of-trees model, f(z),
has an induced prior which is normally distributed according to N (my,,, mo,,) for each obser-
vation y. Hence, in order for our model to behave reasonably to the data, for our BART model

we choose i, and o, such that for a given k:
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mpy — k\/ Moy = Ymin (3.5)
mpy, + k\/ mo, = Ymax (3.6)

Such a k value acts as an additional hyperparameter for our prior, determining the extent to
which each p;; is likely to fall within (Ypmin, Ymae). Although this can be chosen optimally
through cross-validation, often we use a default value of £ = 2, indicating the likelihood of

such an occurrence at 95%.

However, this is not all, as before training our BART model we also choose to shift and scale
our y values such that all our data lies in the interval (—0.5, 0.5). Returning to the simultaneous

equations in Equations (3.5) and (3.6), we note that for each tree we now have
pgy - il Ty ddd  ~N(0,07) (3.7)
— 05
where 0 = By
With E(pimy) = 0 for each y;;, this has the desired effect of weakening each tree by limiting
the effect any individual can have on the full sum-of-trees model as a whole. As m is increased,

due to a shrinkage of o, such an effect is only increased, ensuring the desired nature of our

regularisation prior.

3.3.3 o prior

Finally, identically to Bayesian CART, we choose P(o) such that

VA A

o2 ~ IG( )& =5~ x?) (3.8)

v
27

with values (v, A) estimated from the data.

3.4 Posterior Distribution

After observation of the data, such priors therefore induce a posterior distribution upon our
parameter space:
P((Tb Ml)a ) (va Mm)v U|y)

Due to the sheer size of such a distribution, drawing samples directly from our posterior is un-
feasible and so instead we make use of another MCMC algorithm called Gibbs sampling. Such
an algorithm allows the sampling from high-dimensional distributions through the consideration

of several lower order conditional distributions which are much easier to work with.
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Specifically, for our posterior, let us denote 77; as all the trees but the j-th tree Tj, and M ;)
similarly. Our Gibbs sampler therefore works by taking m successive draws from:

(Tj,Mj)|T(j),M(j),0',y jzl,...,m (39)
and then a draw of ¢ from:

O-|(T17M1)7"'7(TmaMm)7y (310)

Crucially for this algorithm, for each draw we must use the current value of each conditioned

parameter, ensuring the algorithm updates appropriately.

Introduced by Chipman et al. [2010], the authors discuss how Hastie and Tibshirani [2000]
showed that such an algorithm was a stochastic generalization of the backfitting algorithm used
for generalised additive models. Hence, they referred to the algorithm as a backfitting MCMC,

which we shall denote as such from now.

3.4.1 Backfitting MCMC

To initialise our backfitting MCMC algorithm, we first start off with m single-node trees. Then,

we iteratively draw from each conditional until it converges to our desired distribution.

Firstly, as in Bayesian CART, we may draw ¢ from an inverse gamma distribution using routine

methods. Next, we consider draws from each (7, M) pairs, which proves slightly more tricky.

Importantly however, we note that (7}, M;) depends on 7{;), M;,y only through

Rj=y—>_ g(x|Th, M) (3.11)
k#j

Hence, by considering this partial residual R;, we can draw from each (T, M;) by taking two

successive draws from:

Tj|Rj, 0
Mjﬂ},Rj,O’

Replacing y by the partial residuals, we can draw trees from (7| R;, o) using the MCMC algo-
rithm proposed last chapter. Then, we can again use similar methods to draw each p;; from a
normal distribution as in the last chapter, allowing the partial residuals, I2; 1, to be calculated

to allow for the next iteration of the algorithm.

Hence, at each iteration of the algorithm each of the m different trees can alter by one move
at a time, whether that be growing, shrinking or staying the same. As each tree is built using
partial residuals, I, conceptually as such an algorithm runs, each tree is changing and altering

in order to explain relationships in different parts of the data.
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3.4.2 Posterior Inference

Using such an algorithm, we therefore produce a sequence of draws (17, M7), ..., (T, M%), o*
which converge in distribution to the posterior P((T7, M), ..., (T, My,), o|y). Using as such,

for each iteration, we can also produce a sequence of samples f*(z):

m

frx)=>_ gla|Ty, M;) (3.12)

Jj=1

This converges to the induced distribution of the so-called ‘true’ function f(z) from equation
3.1 which we believe models the underlying relationships in the data. Fortunately, unlike for
Bayesian CART, such an algorithm doesn’t get ‘stuck’ in parts of the posterior, with the additive

nature of our model ensuring restarts of the algorithm aren’t needed.

Hence, after a suitable burn-in period needed to stabilise our algorithm, such a sequence of
samples f* () can be used to perform a full posterior inference for each value of . In particular,
such a model can be used to produce point estimates of 4 for a given x by taken the average of
all k& samples after burn-in:

1 K
=2 Ti@) (3.13)
=1

k
In addition to this, posterior uncertainty of f () can be determined through the variation in such
a sequence, such as using sample kernel density estimates to represent the behaviour of each

prediction.

3.5 Use in Literature

Evaluating such work, Chipman et al. [2010] tested BART on a wide variety of different data
sets, displaying similar performance compared to several other reference methods such as boost-
ing, random forests and neural nets when using default parameter values. Interestingly, they also
highlighted that after tailoring the hyperparameters through cross-validation, the model actually

surpassed all other methods when considering out-of-sample performance in the form of RMSE.

Such investigation into the performance of the model has been greatly extended in the years
since its introduction, with BART being used in several different research areas encompassing
different fields, such as for prediction of credit risk (Zhang and Hirdle [2010]) and hospital

performance evaluation (Liu et al. [2015]) to name a few.

The theory of BART has also been greatly extended, with a plethora of variations now being
available as discussed by Hill et al. [2020]. Such variations include Spatial BART (Miiller et al.
[2007]) which modifies BART to include spatial information and Soft BART (Linero and Yang
[2018]) which incorporates soft decision trees into the general framework in order to produce

smoother predictions.
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Chapter 4

Data Evaluation

Having introduced our modelling framework, in this chapter we present a full evaluation of the
data used by Steptoe and Economou [2023], which has provided the inspiration for our work.
Such data will be used to evaluate the suitability of BART models in estimating extreme rainfall

throughout Nepal in the remainder of this report.

4.1 Data Sources

We consider 6 datasets previously used by Steptoe and Economou [2023] which each provide
values of Annual daily maximum precipitation (RX1day) for a number of years and locations

across Nepal.

However, due to the difficulties in achieving consistent recordings in such a sparse and moun-
tainous region of the world, each dataset differs slightly in the methodologies in which they were
put together. It is such an issue which forms the basis of our problem and so we first present a

brief description on each dataset and their different origins below:

¢ Multi-Source Weighted-Ensemble Prediction (MSWEP) v2.8- From Beck et al. [2019],
a global precipitation product which uniquely combines measurements from rain gauges,
satellites and reanalyses products to offer high quality precipitation estimates at a high

resolution with full global coverage.

* High Asia Refined analysis (HAR) v2- From Wang et al. [2020], a regional atmospheric
dataset which is generated by dynamically downscaling ERAS reanalysis data to focus on

high mountain Asia.

* Indian Monsoon Data Assimilation and Analysis (IMDAA) v0.3- From Rani et al.
[2021], a high resolution regional reanalysis model focused on the Indian monsoon region
which makes use of both conventional and satellite observations from many different

sources.
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* GloSea5- A seasonal prediction system developed and run by the Met Office (MacLach-
lan et al. [2015]) which is based on the Met Office climate prediction model, HadGEM3.

* APHRODITE-2- From Yatagai et al. [2012], a daily gridded precipitation dataset made
from the collection and analysis of in-situ measurements from rain gauges across more
than 5000 stations across Asia. An extensive dataset, it covers a period of more than 57

years and will be used as a baseline dataset to evaluate our results.

« ECMWF Reanalysis v5 (ERAS)- A global reanalysis dataset from Hersbach et al. [2020]
which offers a detailed description of the Earth’s atmosphere from 1950 onwards. Such
recordings are given hourly with a gridded dataset of 31km spatial resolution which is an
improvement on previous models. This will also be used as a baseline dataset to evaluate

results.

4.2 Data Structure

As well as providing annual RX1day values, each dataset also includes many other variables
which we will use to try and estimate such precipitation recordings. Hence, to understand more
about our data, let us first consider the size and structure of each of our constituent data sets
through Table 4.1. As we will only be using them as baseline sources, we will not include
APHRODITE-2 or ERAS in such discussion.

Dataset No. of Entries No. of Variables Years
Recorded
MSWEP 18,900 7 1979-2020
HAR 9,450 7 2000-2020
IMDAA 18,450 7 1979-2019
GloSea5 259,200 8 1992-2016

Table 4.1: Summary of the datasets we will use for modeling.

Through this we note two key things. Firstly, we see that each dataset has been recorded over
slightly different time periods, ensuring a lack of temporal consistency. Due to this, before
modelling we might wish to alter our data such that each source includes data from a common

time span. This will ensure any temporal relationships do not interfere with our results.

Secondly, the other important thing we note is a big difference in the structure of the GloSea5
dataset compared to the others, with a much larger collection of recordings and an additional
variable. To understand why this may be the case we present a summary of the main variables

present in these datasets in Table 4.2.
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Variable Type Datasets Description

Annual Continuous  All Detailing the maximum rainfall experi-

RX1day enced for each year and location in our

(mm) data, this is the response variable we
wish to estimate through modeling.

Latitude Continuous  All The latitude of each recording.

Longitude Continuous  All The longitude of each recording.

Year Continuous  All The specific year of each recording.

Realisation Categorical ~ GloSea5 only The realisation of the model making up

our GloSea5 dataset which led to the
specific RX1day value.

Table 4.2: Summary of the main variables included within the data.

Interestingly, we see that the reason for this different structure comes as a result of the addition
of a Realisation variable, unique to the GloSea5 dataset. This is included as each recording from
the GloSea5 dataset comes from the Met Office climate prediction model, which is subject to
a certain level of randomness. Hence, for each location and year, the GloSea5 dataset includes
24 realisations of such a prediction model in order to account for the randomness in the model
itself.

As this results in a much larger dataset than the others, when we consider blending our data later
on, it will be important to account for such size discrepancies to ensure the GloSea5 dataset does

not dominate our results.

4.3 Summary of Main Variables

One of the most important aspects of modelling comes through the consideration of which pre-
dictor variables we wish to include. To this aim, we next include an analysis of the main vari-
ables in our data which are likely to influence estimates of Annual RX1day values throughout

Nepal.

4.3.1 Latitude and Longitude

Within our data, the most influential factor in estimating extreme precipitation is through the
spatial information given for each data entry, with rainfall norms differing greatly as we move
throughout Nepal. Due to a lack of additional topological features such as elevation, this infor-
mation is encapsulated solely through the latitude and longitude variables detailing the position

of each recording in co-ordinate form.

Analysing such variables, we see that, common for each dataset, there in fact exists 450 Latitude

and Longitude pairings across a 18x25 grid at a consistent resolution. Plotted in Figure 4.1 such
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recording locations offer full coverage over Nepal as well as parts of neighbouring countries
China and India. Such a coverage incorporates a wide variety of different geographical regions

characteristic to the area, ranging from lowland plains to the mountains of the Himalayas.
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Figure 4.1: Location of the 450 observation sites which are present in our data.

Itis important to note that for each dataset, each location also has the same number of recordings,

ensuring a high level of consistency in our data.

4.3.2 Year

The only other variable within our data which may prove influential to extreme precipitation
recordings comes through the Year variable. In fact, due to the known impacts of climate change
in the last 20 years, we have especially large reason to suspect extreme precipitation is highly

dependent on temporal information present in our data.

As we previously saw in Table 4.1, the range of such a variable differs greatly by dataset. If we
were therefore to consider including such a variable in our model, it would be wise to alter our
data to ensure each dataset includes data from a common year span. By doing as such we ensure
no single dataset alters our model by allowing it to learn temporal relationships not present in

all of our data.

However, considering Figure 4.2 , we note that is little evidence that precipitation recordings are
dependent on any temporal effects, with there being no clear trend in such plots. Hence, it may
be wise to not include such a variable in our models, in order to reduce unnecessary complexity

and high computation times.
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Figure 4.2: Plots showing the average annual RX1day value for each year and for each dataset,
with trend lines fitted.

4.3.3 Annual RX1day

The final variable present in our data that we wish to analyse is the response variable that we

wish to estimate, Annual RX1day (mm).
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Figure 4.3: Plots showing Annual RX1day values for each dataset.
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First of all, for each dataset we amalgamate all observations in order to see the overall variation
of extreme precipitation estimates and how they differ. Plotted in Figure 4.3, interestingly we
see the extent of such a difference with the MSWEP dataset in particular notably exhibiting a
twin-peaked plot.

However, as we are considering the spatial dependency of such values through our modelling, it
may be more revealing to consider the difference of such precipitation values across all locations
for each dataset. To this aim, in Figure 4.4 we include chloropleth plots of the average annual
RX1day value for each location within Nepal and for each dataset, with the red line denoting

the outline of Nepal.
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Figure 4.4: Chloropleth plots showing the average annual RX1day value for each location in
each dataset, with the outline of Nepal given in red.

Importantly, we see how such plots represent known rainfall trends present in the region, with
high values in the South and lower values in the more mountainous North. However, as also
found by Steptoe and Economou [2023], each dataset gives varying estimates, with the IMDAA
and HAR datasets in particular estimating much more extreme values in the south than the
others. This highlights the lack of a consistent message available for policymakers in the region
and the need for a reliable blended solution which incorporates all information available into a

single model, providing the inspiration for our work.
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4.3.4 Plausibility of BART Assumptions

We recall that one assumption of the BART model given in chapter 3 is that the errors are
normally distributed. Hence, as we will be using such a model, it would be also useful to check

that such assumptions seems reasonable for particular locations in our data.

To do this, let us consider the 4 locations marked in Figure 4.5. Such locations will also be used
throughout the remainder of the paper to evaluate different aspects of our modelling and hence

are chosen to represent the different precipitation environments present within Nepal.

4 Locations Across Nepal
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Figure 4.5: Plot showing the location of 4 observational points we will use for further analysis
across the next 3 chapters.

Considering these locations then, in Figure 4.6 we plot kernel density estimates given by the
MSWEP dataset. As we can see, this normality assumption appears to be violated, with the
distinctive bell-shaped not being present for all location points. In particular, for locations A

and D we have left-skewed distributions.

To address this therefore, we may consider applying a transformation from the Box-Cox family
(Box and Cox [1964]) such that our data is more suited to the assumptions needed for successful
modelling with BART. In particular, we consider this in Figure 4.7 by assessing the 4 locations
from the previous plot but this time with log transformed data. As we can see the data is now
more representative of normally distributed data and hence we may consider performing such a

transformation when modelling.
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Figure 4.6: Kernel density estimates of annual RX1day values for 4 locations in the MSWEP
dataset.
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Figure 4.7: Kernel density estimates of log transformed Annual RX1day values for 4 locations
from the MSWEP dataset.
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4.4 Data Preparation

Lastly, before we can move onto modelling it is important we prepare our data thoroughly for

our aims.

Fortunately, as such data has already been preprocessed up to a research standard due to previous
work done by Steptoe and Economou [2023], there requires no cleaning of the data. However,
there still exists work to be done on the specific contents of our data, with two main aspects

needed to be considered.

Firstly, we may wish to exclude any entries which come from the 242 locations outside Nepal
that are present in our data, in order to reduce computation time and the complexity of our
models. Secondly, we may wish to constrain all of our data to a common time span to ensure

consistency in our modelling.

At different stages of modelling, such alterations may or may not be relevant due to a desire to
investigate different features of both the data and BART models. However, at some point both

alterations will be used and so it is important to prepare for such before training our first model.
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Chapter 5

Previous Work

Providing the main motivation for our research, before modelling with BART, in this chapter
we first discuss in more detail previous work done by Steptoe and Economou [2023] on the data

described in the previous chapter.

5.1 An additive solution

With a number of datasets offering differing estimates to choose from and no clear optimal
solution, the problem is therefore well established. To solve this then, as previously mentioned,
Steptoe and Economou [2023] consider using a data blending framework based on Generalized
Additive Models.

In particular, with Y ; ,,, representing the RX1day precipitation maximum for grid s, year ¢ and

dataset m, they model Y ; ,,, with a Generalized Extreme Value Distribution (GEV) where:

Ys,t,m ~ GEV(Ns,t,m» Os,t,m gm)

tstm = Bo + F (yeary) + 9 (lons, lats) + H (long, lats, ul) + ¢

m

log(os.t.m) = Y0 + F (yeary) + 9 (long, lats) + H (lons, lats, u(g)) + €

m

log(&m) = 00 + u%) + €

Here .#(+), 4(-) and J#(-) are smooth functions estimated in model fitting and Sy, o and J

are the intercepts for the model.

Analysing such, we note the intercept terms and the functions .# (), ¢(-) are common for each
dataset and hence incorporate the data blending element of the model with such elements rep-
resenting the global relationships present in the data. On the flip side, the terms u£n) , are dataset
specific parameters and allow the individual variability for each dataset to be incorporated in

our model.

28



Importantly for their model, such dataset specific parameters can be integrated out for each GEV
parameter such that we may attain a distribution only dependent on the blended elements of the

model. Specifically this is done by attaining 15 ¢, 05 and { through

Hst = / Hstm duq(#)
w)

s, m

Ost — / Os,t,m dug)
)

- (€)

such that we may model Y ; as

}/s,t ~ GEV(Hs,t, Os,ty 5)

Hence, the final GEV distribution can be thought of providing a summary of all the information
captured by all the datasets whilst avoiding any singular dataset dominating the results as the

variability of each individual dataset has been removed.

5.2 Results

Blended data
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\
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JJAS RX1day (mm)

Figure 5.1: From Steptoe and Economou [2023], plots showing the estimates of 1-in-2 and 1-
in-100 year RX1day events for the blended model and baseline datasets.
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To exemplify the suitability of such an approach, the authors fit this model to the MSWEP,
GloSea5, IMDAA and HAR datasets, whilst leaving the APHRODITE-2 and ERAS as baseline
datasets to evaluate their results to. Plotted in Figure 5.1 we see the estimates for 1-in-2 and 1-in-
100 year RX1day precipitation events for the blended model and baseline datasets, which detail
RX1day values which are estimated to occur every 2 years and every 100 years respectively
from the blended model.

Interestingly, through such plots the authors note how estimates from a single dataset can seem-
ingly misrepresent extreme precipitation events when compared to estimates that factor in infor-
mation from several different sources. This is especially prevalent for more extreme events, as
for the 1-in-100 predictions, which, as mentioned previously, is particularly concerning for new
enterprises such as building a new dam as such extreme events are the incidents that need to be

most accounted for.

Furthermore, in order to see how the model incorporates each component dataset, the authors
also include a predictive distribution of the blended model against the input datasets as shown

in Figure 5.2.
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=1 Predictive Distribution ~ =—— MSWEP  —— HAR =—— |IMDAA —— GloSea5

Figure 5.2: From Steptoe and Economou [2023], plots of the predictive distribution of the
blended model with the distributions of its component datasets for 4 locations across Nepal as
shown.

As we can see, such a model adequately incorporates all uncertainty present in each dataset,
with it providing realistic values for each location. This highlights how the blending framework

is working as hoped, with no single data source dominating the results.
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5.3 Evaluation

Evaluating such work, it is important to note that such study was not necessarily done to find a
new ‘best’” dataset. Rather, when a heuristic measure to identify a best dataset doesn’t exist, such
modelling offers a blending framework in order to summarise and incorporate all uncertainties
presented by multiple data sources in a way which can influence reliable decision making. From
this mindset, as mentioned by the authors, without the comparison of the model to the individual
datasets, the model is no different than any other data source. Hence, it is the models output in
addition to its comparison to its constituent datasets that is its biggest strength, with this being
well suited to aid decision making. It is important to note also all this is done with the aim of
producing a spatially and temporally consistent model, which is not restricted to the logistical

requirements of observed data.

This is not the first time Generalized Additive Models have been used to model a combination
of climate data, with them proving suitable for many related tasks. Notably, Economou et al.
[2023] considered a probabilistic modelling framework by using Generalized Additive Models
to integrate climate model reanalysis data with observational data in a way that can produce
accurate results at any spatial resolution. Applying the problem specifically to temperature data
from Cyprus and Morocco, they found that such an integration can allow imputation of missing
observed values from relevant reanalysis data with strong in and out of sample results. However,
although the methods used were similar to Steptoe and Economou [2023], such work differs in
its aims, with less of a focus on providing a blended summary of numerous different datasets
and more of a focus on utilising reanalysis data to help extend the use of observational data to

provide more complete data records at a higher resolution.
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Chapter 6

Initial Modelling

Having discussed the results of previous work, in this chapter we now present initial results of
testing a BART model on each of the MSWEP, HAR, IMDAA and GloSea5 datasets separately,
to see how such a model performs in understanding the spread of extreme precipitation across

Nepal for any resolution.

6.1 Implementation within R

First of all, it is important to discuss our implementation of such a model within R.

Due to the models high performance, there exists numerous different packages which we may
use to test BART upon our data, most notably BayesTree supplied by Chipman et al. [2010]
in their paper introducing such a model. However, such a package has since been surpassed
in numerous aspects such as computation times, and can often prove cumbersome due to an

inability for models to be used along with the predict function.

Improving on such a package, the two main alternatives are given by the bartMachine and
BART packages, introduced by Kapelner and Bleich [2013] and Sparapani et al. [2021] respec-
tively. Both offer slight variations of the model introduced by Chipman et al. [2010], with the
bartMachine package for example removing the SWAP step from the MCMC algorithm used
to draw tree models from the posterior. They also differ in implementation language with bart-
Machine using Java and BART using C++. In fact, due to a preference working with the latter,

we choose to use the BART for such work.

For such a package, it is important to note that when fitting a BART model it uses default
parameters (3,0.90, 2,200) = (v, ¢, k, m) unless otherwise specified. Hence, in early stages of

model fitting, we shall use such values for ease of implementation.
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6.2 First Models

Initially then, we will consider each dataset individually and evaluate if BART can provide a
spatially consistent and accurate estimation of extreme precipitation across Nepal, according to
each source. This will give us an early indication on the suitability of BART for our data, and

help us decide upon specific modelling details used for our data blending framework later on.

For such work, due to the investigation in Chapter 4, we will use Latitude and Longitude as
predictor variables and restrict entries to locations within Nepal in order to reduce computation
times. As previously mentioned, we will also initially use default parameters given by the BART

package.

6.2.1 Transforming the data

Before seeing the results of such models, we recall we had considered transforming our data in
Chapter 4, due to a violation of the normality assumption needed for BART. To investigate this
further, we fit our first BART model on the MSWEP dataset and consider plots of the residuals
in Figure 6.1.
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Figure 6.1: Plots checking model assumptions of the fitted BART model on the MSWEP data.

As we can see, through the Q-Q (quantile-quantile) plot there is a clear violation of normality
with a lack of a straight line, indicative of such processes. Furthermore, such plots suggest
heteroscedasticity of our errors due to the funnel shape of the second plot, again violating as-

sumptions of our model.

As such assumptions aren’t being met, the model is likely not capturing the given relationships

as we’d have hope. Therefore, to address this issue and to stabilize this changing variance, it
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might be wise to first consider a log transformation of our RX1day values before fitting such a

model, as previously suggested.

As such behaviour is seen for all other datasets, for all future models we will perform log

transformations of our response variable before fitting from now on.

6.2.2 Initial estimates

Using such transformed data, in Figure 6.2 we plot point estimates of each of our 4 BART
models trained on each individual dataset, for each location. Such point estimates are derived

from the average of the after burn-in samples f*(x), as given in Equation 3.13.

MSWEP GloSea5

30°N

28°N

27°N

80°E 82°E 84°E 86°E 88°E 80°E 82°E 84°E 86°E 88°E

30°N

29°N

Estimated RX1day (mm)

0 50 100 150 200 250 300

Figure 6.2: Predicted RX1day values from BART models fitted with transformed data.

Analysing this, we see our BART models seem to working reasonably well, with our results
adequately representing Nepalese rainfall trends, and mimicking the uniqueness of each dataset
seen last chapter in Figure 4.4, with the IMDAA and HAR datasets in particular offering more

extreme estimates.

Publishing in-sample Root Mean Squared Error (RMSE) scores for each model in Table 6.1,
we also note how each model seems to capture relationships in the data similarly well, with the
exception of the MSWEP dataset which appears to perform slightly better. This is likely as a

result of a difference in the recording of such a dataset.
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Dataset MSWEP IMDAA HAR GloSea5
RMSE 27.678 49.364 47.594 43.116

Table 6.1: In-sample RMSE scores for each of the 4 models.

It is also important to check our transformation is working as hoped, and so in Figure 6.3 we

again consider plots of the residuals of our model fitted on the MSWEP dataset.
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Figure 6.3: Plots checking the assumptions of the BART model fitted with log-transformed
MSWERP data.

Analysing as such, the transformation seems to have worked with both assumptions appearing
more plausible. This is most notably seen through the second plot, with the residuals now
showing little signs of heteroscedasticity. Due to this, we consider no further transformations of

our data.

6.3 Out-of-Sample Performance

As of yet, we have only considered the performance of such models in relation to values that
the model itself has been trained on. This can lead to dangers related to overfitting as the model
may appear to be performing better than in reality. Hence, it is also important to consider the
performance of our models on unseen data by considering splitting into suitable training and

testing subsets.

To do this, we perform 10 independent test/train splits on each dataset and consider the out-of-

sample performance of our models through RMSE scores in Table 6.2. In detail, such splits are
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made such that for every latitude-longitude pairing, we perform a random 80:20 split to divide
our data such that 80% of the recorded years for each location are present in the training subset,
and 20% are located in the test subset. This split is done differently for each location, to ensure
the same years aren’t systematically left out for all our training data, as this may induce our

model to learn some unwanted temporal effects which may impact our results.

Dataset MSWEP IMDAA HAR GloSea5
In-sample RMSE 27.660 49.095 47.334 42.971
Out-of-sample RMSE  28.197 50.929 49.869 44.170

Table 6.2: In-sample and Out-of-sample RMSE scores for each of the 4 models.

As we can see, there is signs of slight overfitting with each model performing worse for unseen

data rather than for in-sample results.

6.3.1 Cross-Validation

Thus far, for all of our models we have been using default values given in the BART package,
(v,q,k,m) = (3,0.90,2,200). However, due to signs of overfitting seen in Table 6.2 and since
we do not know if such values are optimal for our specific problem, it would be wise to perform
a thorough evaluation of these hyperparameters. This will be done through cross-validation and

will help us determine suitable values for use in future modelling.

Choice of m

The most influential of these hyperparameters is given through the number of trees, m, which
can greatly increase the complexity and computation time of our model. Hence, before consid-

ering the other parameter we first consider m on its own.

Keeping the remaining hyperparameters as default and constant, in Figure 6.4 we plot the aver-
age RMSE given through a 4-fold cross-validation for each dataset and for a number of different

values of m.
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Figure 6.4: Average RMSE of each model from 4-fold cross validation with different values of
m.

As we can see, for each model, the RMSE score decreases quickly at first before levelling off
for subsequent values. The specific nature of this is different for each model, but a wise choice
seems to be m = 50 as it offers near-optimal performance for each model whilst still avoiding
the complexity and heavy computation times that come with larger values of m. Such a choice
is also suggested by Kapelner and Bleich [2013] who found that BART models rarely offer
increased performance for m larger than 50.

Grid-Search

To optimize the remaining parameters, we also perform a grid-search on the set of potential
values, using cross-validation to assess performance. We avoid detail on this procedure but state
that the optimal values chosen were (3,0.90, 2,200) = (v, g, k,m) and hence such values will

be used from now.

6.3.2 Comparison to other models

So that we may put some meaning behind such performance metrics, it is important to compare
the performance of BART against other popular models. To this aim therefore, we consider 3
further modelling techniques through linear regression, gradient boosting (Friedman [2001]) and
random forests (Breiman [2001]). These are implemented in R through the 1m, gbm (Ridgeway
and Ridgeway [2004]) and randomforest packages respectively.
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For each dataset, we perform 20 independent test/train splits and compute the average out-of-
sample performance for each model shown in Table 6.3. Both of the Random Forest and gradient

boosting models use hyperparameters chosen through 4-fold cross-validation.

Dataset | BART Random Forest Gradient Boosting Linear Regression

MSWEP | 28.661 29.484 29.247 37.147
IMDAA | 50.255 51.167 50.548 55.377
HAR 49.277 49.450 49.660 56.396
GloSea5 | 43.691 44177 44.017 47.289

Table 6.3: Average out-of-sample RMSE results from each model tested on each dataset with
20 independent test/train splits.

As we can see, BART performs best for each dataset, with Random Forest and Gradient boosting
coming next ahead of linear regression which as expected fails to capture the complex relation-
ships in the data. This highlights the strength of our BART model, with it consistently out

performing other well reputed models for each dataset.

For more detail, we also include box plots of the results of such testing on the MSWEP dataset

in Figure 6.5, which highlights the superiority of BART in more detail.
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Figure 6.5: Box plots showing the out-of-sample performance of BART, Linear Regression

(LR), Random Forest (RF) and gradient boosting (GBM) tested on the MSWEP dataset with 20
independent test/train splits.
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6.4 Posterior Inference

As well as its high performance, one of the main advantages of using a BART model is the offer
of full posterior inference on each of our predictions. Hence, to take advantage of this, using the

locations specified in Figure 4.5 we consider the posterior distribution of our estimates.

In particular, in Figure 6.6 we include the plots of the estimated posterior distribution of f(x)
given through the kernel density estimate of the 1000 after burn-in samples f*(x), for each of the
locations and for each dataset. This highlights the ability of each model to learn the individual
relationships given in each dataset, with each fitted model offering extremely different estimates

for each location.
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Figure 6.6: Plots of the estimated posterior distribution of annual RX1day values given for 4
locations from the BART model trained on each dataset.

It would also be nice to consider such posterior distributions in relation to the observed values
at each location given for each dataset, to see if our model is adequately representing the uncer-
tainty at each point. To this aim therefore, taking the fitted BART model trained on the MSWEP

dataset, we consider as such in Figure 6.7.

As we can see, although both our posterior and kernel density of the sample values seem to peak
at the same points, they differ greatly in the spread of the distribution, with the posterior being
much more sharply peaked. This is especially an issue for our problem as under representing

the uncertainty of extreme precipitation across Nepal can have huge effects for policymakers.
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the MSWEP dataset, plotted along with the kde from actual observations from these locations

from the MSWEP dataset.
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Chapter 7

Data Blending

Having performed initial evaluation of BART’s suitability on individual datasets, in this chapter
we will now consider how we may use BART to adequately blend all of our data to produce a

flexible model which can summarise all uncertainty present.

7.1 Aims

Recalling the situation presented in Chapter 1, and taking inspiration from Steptoe and Economou

[2023], the main aim for our data blending framework is to produce a model which:
* Produces spatially consistent and reliable estimates that can be evaluated at any resolution.

* Incorporates uncertainty of all datasets in order to give a blended solution, not dominated

by any single source.

Due to the sensitivity of the problem estimating extreme values, it would also be nice if our
blended model were to over represent rather than under represent the uncertainty of extreme

values in order to account for faults in the model itself.

To do this then, we need to consider how we may use BART to mix our data. One such option
is given by Yannotty et al. [2024a] who use BART to weight the outputs of several models
according to their performance, in order to give a combined estimate. More specifically, such
model mixing has also been extended to climate models, with Yannotty et al. [2024b] using a
slight variation of BART to do similar work on the output of 4 different climate models detailing

surface temperature in the Northern hemisphere.

However, essential to such models is a ‘ground-truth’ dataset, used in training to determine the
success of the other datasets in order to influence the weights. This proves a limitation for our
needs therefore since, as mentioned previously, between our different observational datasets,

such a dataset does not exist.

Hence, without such a ‘ground-truth’ dataset we are limited in the ways we may perform such a

data blending framework. To this aim therefore, for our modelling we simply combine all data
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into one merged dataset and train our model similarly to that done in chapter 6, with just Latitude
and Longitude acting as predictor variables. By combining all data in such a way it is hoped
that the overall uncertainty in the data may be learnt by our model, rather than being dominated

by any individual data source which may occur if we were to split our data in alternative ways.

It is also important to note that before training with this merged dataset, we ensure each con-
stituent data source is confined to a common recording period of the years 2000-2016, to ensure
no unwanted temporal relationships are learnt by our model. To prevent the GloSea5 dataset
from dominating our results due to its size, we also only include data from one realisation of the
Met Office climate prediction model. As a result of this, our final merged dataset is made up of
3536 entries from each of the 4 different datasets.

7.2 Initial Results

Using such blended data, we therefore fit a BART model using all of the combined data. Al-
though this is a new model, we use hyperparameters decided upon last chapter for ease, with
such optimal values unlikely to change greatly. Evaluating such a model, shown in Figure 7.1,

we plot the point estimates for each observational location.
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Figure 7.1: Predictions from the BART model trained on the blended data.

As we can see, such results are spatially consistent as desired, and also represent known Nepalese
rainfall trends as previously seen, with higher values given in the South and lower values in the
North. The estimates also seem to adequately summarise values seen from each dataset as shown

in Figure 4.4, with our results not being too similar to any one source.
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It would also be useful to see how our model compares to other methods, and so just as before
we make 20 independent test/train splits and test BART along with linear regression, gradient
boosting and random forests models. To ensure no one dataset dominates any model, such a
split is done in a way so that there exists an equal number of entries from each data source.

Doing as such, we show results from this in Figure 7.2.
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Figure 7.2: Box plots of RMSE values from each test/train split on our blended dataset for fitted
BART, Random Forest (RF), Linear Regression (LR) and Gradient Boosting (GBM) models.

As before, we see the superior performance of BART, with the average RMSE being lowest for
such a model. This highlights its suitability to our data blending framework and shows it is

learning the complex relationships within our data better than other competing models.

7.3 Uncertainty

Having shown that our blended model produces accurate and spatially consistent estimates, we
must now investigate the other important feature of our blended model on whether it adequately
encapsulates the uncertainty of each dataset. This is where the true strength in our BART model

hopefully will come through through its embodiment of the Bayesian framework.

7.3.1 Model Uncertainty

To do this, let us first consider the uncertainty given by the BART model of the 4 locations
specified in Figure 4.5. This is done by considering the kernel density estimate (KDE) of the

1000 after burn-in samples of f*(z) for each location.

Plotted in Figure 7.3, for comparison we also include the the KDE of raw values from each of

the individual datasets for each location, with values cut off at their data limits.
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Figure 7.3: Uncertainty of f(x) for 4 locations given by our blended model. KDEs from raw
values from each dataset are also plotted, with values cut off at their data limits

Interestingly, we note that the peaks of our blended model estimates all seem to lie in realistic
locations related to the plot from each individual dataset, with the blended model seemingly not
favouring any particular source. Unfortunately though, such estimates are sharply peaked, giv-
ing a lack of uncertainty for the value at each point. This is extremely undesirable for our model,
with this misrepresentation of the uncertainty proving dangerous for the contextual nature of our

problem.

To solve this, we first consider using similar methods to bagging (Breiman [1996]) by train-
ing several different BART models on different subsets of the blended data and aggregating the
results. Through this, each model will capture relationships in different parts of the data, hope-
fully resulting in some variation in our results which will cause such posterior estimates to be

less sharply peaked.

Specifically, we fit 20 models each trained on a different sub sample of the data and combine
posterior estimates from all models. We then compute kernel density estimates from such values
and plot accordingly in Figure 7.4 for the same locations as before. Such sub samples of the data
are created using similar methods to our test/train splits, by ensuring each individual dataset is

represented equally.
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Figure 7.4: Uncertainty plots for 4 locations given through multiple BART models trained on
different parts of our blended dataset. KDEs from raw values from each dataset are also plotted,
with values cut off at their data limits

As we can see, such methods improves our uncertainty estimates, with our new framework now
given less sharply peaked estimates as hoped. However, the problem has still not been fully

removed, with such high-peaked distributions still sub-optimal for our aims.

7.3.2 Full Uncertainty

As we recall, in our BART framework we look to model
y=f@)+e e~ N(0,0° (7.1)

However, plots in Figure 7.3 and Figure 7.4 only show the uncertainty of f(z), which is es-
timated from the sequence of after burn-in samples f*(x). This represents draws from the
posterior distribution of f(x), rather than the predictive distribution of y and so, in other words,

up till now we have only considered the uncertainty of the mean of y, given through f(x).

Hence, such plots are only showing the uncertainty of y produced from the uncertainty of the
BART model itself, denoted as the Epistemic uncertainty. To understand the true predictive
uncertainty of y therefore, we must also include the added uncertainty given by e representing
the natural uncertainty or inherent noise in the data. This is instead denoted as the Aleatoric

uncertainty of y.
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To do this, after each burn-in sample f*(z) we also add a sample drawn from ¢ ~ N (0, 02), to
create a new sequence of samples that incorporates both the Epistemic and Aleatoric uncertainty
of y. As the sequence f*(x) converge to the true posterior distribution of f(x) as discussed in
Chapter 3, and as repeated sampling of € converges to N (0, 0?) due to Monte Carlo methods
(Robert et al. [1999]), such a sequence adequately represents the full uncertainty of y given by
our modelling for each prediction.

Such different types of uncertainty is discussed in detail by Valdenegro-Toro and Mori [2022]
who states that ‘these uncertainties are usually combined and predicted as a single value, called
predictive uncertainty’. Taking Bayesian Linear Regression as an example, as described by Ko-
rbak [2024], the nature of the model produces a predictive distribution which naturally incorpo-
rates both aleatoric and epistemic uncertainty. However, due to the nature of our BART model,
such a predictive distribution is analytically unfeasible, with only the posterior distribution of

f(x) being able to be sampled from and so we may proceed as previously described.

Updated Results

Using such methods therefore, in Figure 7.5 we include plots of the full uncertainty of y for

each point.

Full Model

0.030
1
0.030
|

— IMDAA 1

GloSea5
- — HAR

| e |

T T T T T T T T T T T T T T
0 50 100 150 200 250 300 0 50 100 150 200 250 300

0.020
0.020

Density
]
Density
]

0.010
1
0.010
|

0.000
0.000

RX1day (mm) RX1day (mm)

0.020 0.030
|

0.020 0.030
|

Density
|
Density
]

0.000 0.010
Il |

0.000 0.010
| |

T T T T T T T
0 50 100 150 200 250 300 0 50 100 150 200 250 300

RX1day (mm) RX1day (mm)

Figure 7.5: Full uncertainty of RX1day(mm) estimates for 4 locations from our blended model.
KDEs from raw values from each dataset are also plotted, with values cut off at their data limits
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As we can see, such plots are much better, with the added uncertainty from € leading to less
sharply peaked distributions from the blended model. In particular, for locations A, C and D the
blended model gives a predictive distribution which mediates all individual datasets, whereas at
location B, the model seemingly favours a left-skewed distribution influenced by the MSWEP
dataset. This highlights how the blended model produces estimates which favour different mod-
els at different locations, showing it can adapt to the different relationships seen across Nepal to

give a summary of the uncertainty present in each dataset.

7.3.3 Changes in Uncertainty

It is also important to understand how such uncertainty in our estimates change throughout
Nepal, so in Figure 7.6 we plot the standard deviation of each estimate given in Figure 7.1
for each location. This is calculated through the standard deviation of the 1000 after burn-in

samples, f*(z), for each location.

Interestingly, we note that uncertainty is highest in the most Western regions of Nepal, where
estimates of extreme precipitation are highest, and lowest in the North where such estimates are
lowest. As such a feature seems logical this would suggest are model is behaving in a sensible

way.

Magnitude of Uncertainty for each Estimate

30°N
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28°N

27°N

80°E 82°E 84°E 86°E 88°E

Standard Deviation

Figure 7.6: Standard Deviation of estimates for each location in Nepal from our blended model.
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7.4 Comparison to Previous Work

With our blended model now adequately summarising the uncertainty of each dataset, our atten-
tion now turns to comparing our results to that of previous work done by Steptoe and Economou
[2023]. To do this, in Figure 7.7 we first consider uncertainty estimates of the 4 locations for
both our blended model and the blended model of Steptoe and Economou [2023] based on
Generalized Additive Models (GAMs).
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Figure 7.7: Uncertainty estimates from our blended model and the blended model of Steptoe
and Economou [2023] for 4 locations.

Interestingly, we note the similarity in such uncertainty estimates, albeit with our blended model
often giving slightly higher peaked distributions. This highlights the suitability of our BART
model with it producing similar results, but also the difficulty of the problem, with no clear way

of determining which of these blended models are optimal.

To further such comparisons, we also look to consider 1-in-2 and 1-in-100 year RX1day es-
timates from our blended model. As previously described in Chapter 5, such estimates pro-
vide estimates of values likely to happen every 2 or every 100 years from the predictive dis-
tribution given from the blended model and are compared to that of a further baseline dataset,
APHRODITE-2.
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Figure 7.8: 1-in-2 and 1-in-100 year RX1day estimates from our blended model compared to
the APHRODITE dataset. (Note the fill of the chloropleth has been altered to account for a
larger range of values.)

Plotted in Figure 7.8 we clearly see that the APHRODITE-2 dataset hugely under represents
high precipitation events compared to our blended estimate, especially for more extreme events.
Such results are similar to those given by Steptoe and Economou [2023] in Figure 5.1, and again

highlight the adequacy of our BART model with it produces similar results to those already seen.

Hence, as well as highlighting the suitability of BART for such a data blending framework,
such similar results further reiterates the dangers for policymakers of only using a single dataset
compared to using a blended solution composed by many different sources, with it giving much

different estimates of extreme precipitation throughout Nepal.
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Chapter 8

Conclusion

Concluding then, in this paper we have investigated the suitability of BART to provide a data
blending solution to the problem of a proliferation of atmospheric datasets throughout Nepal.

Taking inspiration from Steptoe and Economou [2023], we have specifically looked to provide
a solution to the issue of predicting extreme precipitation events when numerous competing
datasets are available, aiming to provide a blended model which is spatially consistent and able

to suitably incorporate all information available from constituent datasets.

Shown in Chapter 7, such aims were met with BART providing a blended model which gave
spatially consistent and accurate annual RX1day estimates throughout Nepal. Offering opti-
mal out-of-sample performance compared to competing models, once both the Epistemic and
Aleatoric uncertainty had been included, our blended model also produced uncertainty quan-
tifications which adequately summarised all uncertainty available, with no one single dataset

dominating our results.

Interestingly, for both estimations of 1-in-x year events and the uncertainty of specific locations,
our blended model also produced similar results to that of Steptoe and Economou [2023], high-
lighting both the suitability of our model and the dangers of the problem. In particular, such
work re-iterated the need for policymakers to incorporate numerous datasets in order to make
reliable decisions, as in Figure 7.8 we saw how extreme events can be hugely underrepresented

unless we consider a data blending solution.

However, there still exists a great deal of further investigation needed into the problem to check
the suitability of using BART in such an environment. Most notably, by choosing one of the
datasets as ‘ground-truth’, it would be interesting to investigate further work such as by Yannotty
et al. [2024b], in order to evaluate more sophisticated data blending techniques through model
mixing methods. Furthermore, additional evaluation of the different types of uncertainty present

in our final blended model is needed to help understand such results in more detail.
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